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Statistical Thermodynamics of Solutions of Optically Active Substances. II.
Solubility of d- and I[-Isomers in Optically Active Solvents

By Kazuo AMAYA

(Received March 1, 1961)

It is expected theoretically that when d4- and
l-optical isomers are independently dissolved
in an optically active liquid, the solubilities
of d- and [-isomers may be different. To
elucidate the special feature of this problem,
the theoretical expression for the solubilities of
d- and [-optical isomers is based on the model
described in a previous paper. Further a
possibility of optical resolution is discussed.

Theory

Let us consider two kinds of systems, the
one of which contains optically active liquid
substance A and [-isomer of optically active
molecule B (which is denoted by B;) and the
other contains A and d-isomer of optically
active molecule B (which is denoted by By).
For simplicity it is assumed that the two
components are completely immiscible in the
solid state and completely miscible in the liquid
state.

The chemical potential of B; molecule in
crystal p¢¥p, is a function -of absolute tempera-
ture, T, alone while the chemical potential of
the same molecule in solution %, is a function
of, T, mole fraction of B;, xg;, and interaction
parameter between A and B; molecules, wag,.
For a saturated solution of B; in A the chemical
potential of B; is equal to that in the crystal,
then it follows that

pKB!(T)=FSBI(T, X8y, G)AB;) (l)

In a similar way for a saturated solution of
B. in the following expression is obtained

(¥, (T) = p%p, (T, X8y, waB,) 0))]

where ¢t*p; and ¢Sg, are the chemical potentials
of Bs molecule in the crystal and in the
saturated solution respectively, and xp; is the
mole fraction of B; in the solution and was,
is an interaction parameter between A and B,
molecules.

As B; and B; molecules are mirror images
for each other, the chemical potential of B,
molecule is equal to that of By molecule in
the crystal at the same temperature. Then it
follows from 1 and 2 that

1) K. Amaya, This Bulletin, 3, 1689 (1961).

PKB:(T) :#KBg (T) =psBJ(T’ XBs CUAB;)
ZPSBJ (T, XBga w.—\Bg) 3)

Since wsp; and wap, have different values, xp,
and xp,; in each saturated solution have dif-
ferent values. It means that the solubility of
B, and B:; optical isomers differ from each
other. In the following, explicit expressions
for p#Ss;, and pSs,; will be derived. In deriving
the theoretical expressions, the following
assumptions are made :

(1) Molecule A, B; and B, are equal in
size and each occupies a site of quasi-crystalline
lattice and has 3z orientational freedoms.

(2) Molecule A is covered by z planes,
one of which is composed of a element, and
the others (z—1) are composed of b elements.
The a element is composed of three sub-
elements 1, 2 and 3 and their arrangement is
in the order 1, 2, 3 clockwise viewed from
outside of the molecule.

(3) Molecule B (both B; and B;) is also
covered by z planes, one of which is composed
of a' element and the others (z—1) are com-
posed of b' elements. a' element is composed
of three subelements 1/, 2' and 3' and their
arrangement is in the order 1/, 2', 3' clockwise
for B; molecule and 1’, 3', 2’ clockwise for Bg
molecule viewed from outside of the molecule.

(4) The configurational energy of the
system is the sum of interaction energies of
plane-plane pairs.

If the interaction energy of plane i and plane
j is denoted by ws;, all possible kinds of wy;

and their interaction energies become as
follows.
A—A @ty Wab, Waa, = @11+ 2wzs

Waa; — W32 +2(ﬂ13

Woa,=w33+201,

B_Bh B_'_ BG @Wyrpty Wa'y's Wara'y =Wy’ +2w2'3'
Warar,—Wargr _I_ch.’.'l"ai

Waras =w3 3 +2w712

A—B; @opry Dabs Wa'dy, Oha, = w110 + W2 + w320

wl 2’y =Wz + w3 + W3y

whar,=wss + w12 + w20
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A—By W'y Wab'y Wa'by mga',=‘wu'+w22'+m33'

ﬂlgd',:(ﬂm‘ + w21+ + w3z
wlar, = w12 + wes + w31

The total configurational energy of the system
is expressed as a sum of these energies. For
a system composed of N, molecules of A and
Ng; molecules of B;, the configurational
partition function (.8, is given by

(Na+Nsp)!
In QAB:‘_ID—NA! NB:!_.
—In(3z) Na+No,— NAxA;'T{\rBJZB;
_{Wis;(Ns, N5)))
kT
P ani Wy N = Wy (N, N
2! (kT)*
—eaens 4)
where
faml i( —1)%w5+2(z—1
.A-—Z e F4 oy Z )w,b
1
+?(waa; + Waa: T Waa 3)} (5)
ty=% - Ll @ Diore+2G-1)
B=, b'd Warp'
1
‘i‘_s._(ma'a.';+ma’a'z+wa'a'g)} (6)

and Was,(Na, N5;) is the excess potential
energy of the system and {Wag;(Na, Ng;)> and
{Was,;*(N3s, Ng;)> denote the unweighted mean
over all configurations of this quantity and of
the square of it respectively. Then {Was,(Na,
Ng;)) is given by

<WAB;(NA; NB;)) = (NA+NB;){(1"-¥B;)ZZA.
+2x_'B; (1 —IB;) XABI +x25;7£3;}
—NaXa—Ns;2s
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= (Na+Np)xp;(1—x8;) 2Xan;—Xa— Xp)*
@
where
xp;=Ng;/(Na+ Nz;)

Xap,= i—{ (z—1)%wn + (2—1) (war: + wa2)
+"1‘*((0;¢' +wbar, +wha )}
3 1 2 3

In evaluating {W?.s;(Na, Ng,;)), the average
value over most probable configurations is
taken as an approximation, since it is very
difficult to evaluate the exact value of this
quantity averaged over all possible configura-
tions. For most probable configurations, the
number of plane-plane pairs for each kind of
pair becomes as shown in Table I.

The average value over the above configura-
tions becomes as follows with a procedure

similar to that described in the previous
paper®,
{Wag,;(Na, Ng;)>?— (W?ap;(Na, Ng;)>

(Na+ Ng))

i 1
=—- '_—_E—(l ‘—-YBJ)"_BE{(CUGM —Waa,)?
+ (Cﬂcaz—mam)z“r (ﬂ’aaa"fﬂaal) 2}
+4x23;(l '—IB;)Z'EI'G-’{(D%', —whe,)?
+ (@har,—wher,)? + (Whary—whar)?}

1
+x4B;'3_6{(ma’a‘1_wa'a'z)2+ (Warar;— wara's)?

+(ma’a’s_@a’a’l)2}-’ (8)
By substituting 8 into 4, the following ex-
pression for configurational partition function
{243, is obtained.

TABLE I

The kind of pairs

b—b (z—1)2/z2-Naa
A—-A a—b 2(z—1)/z2-Naa
a—a 1/z%-Naa

a' —b'

a —b

(—1)2/z%-Np;3,
B,—B, {
a' —a'

leQ‘NBm:

b—b' (z—1)%/22-Nag,

_ a—b' (z—1) /2% Nag;

i (z—1) /2% Nag;
a—a' 1/z%-Nag,

Number of pairs

2(z—1)/z% Nps;

Naa= —;‘(Na—!-NB;)Zﬂ —xpy)*

1
Nggr= ‘z“(NAJrNB:)szB.r

Nap;=(Na+Npp)z-xp;(1—x5;)

* Mean cohesive energy of a B molecule 1n an imagi- nary liquid state.
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(Na+Ng))!

In Q;B;=ln N NB;! +1n(3z) Na+ N
NaXa+NsXs, (Na+Ns) @1
kT kT AR

—Xa— xB;)xB; ( _xB;)
L L (Nat N
2(kT)? 4z*

- (Ua.a.a) 24 ((Ua.ag - waas) 4 (fb'cms - maa:)g}

L(l—xs;)"%{(a}am

4wty (1= xm) o { (@hor,— k)’
- (0)55!2—056'3)2 + (m:{sfg_w;fxarl)z}

1
'i'qu;'56'{((9&’3’1_(”&'0’2)2-1' (ﬂ!’a'a*;“ﬂla'm's)z

4 (Gla'a’a_wa*a'l)z}} (9)

Then the chemical potential of B; molecules
#5g; can be obtained by partial differentiating
—kT In {245, with respect to Ng,

kT 1n O
pony == 5 N'?;....."-B’ =kT In xp,— Lz,
i
+ (1 —x8;)*(2%an;— Xa— X3y)
1IN 1T

36?7C?L_ (l _XB;)‘{(GJmu.j,_ﬂ.'aa;)z

+ (Waa:_ ﬂ)ams)z"' (waas_wan.;)z}
+x3;(1 _xnf)s{(wéar, —wia:,)z
+ (whar,—whar,)?+ (0har,—whar,)?}

+x3ng(2_x31){(wa’a’| —wWarar,)?
+ (wa’a’s_wu’a’s)2+ (wa’a’a_a’a*c’])z}}

(10)
where N=Ni+ Ns,.

For the system consisting of Ni molecules
of A and Ns; molecules of B4, the chemical
potential pp; for the Bs molecule can be
derived in quite the same way. Then g%,
becomes

FSBJ =kTIn X 8— Lpy
+(1—x8,) X aBy—Xa—Any)

1N 1
_g_ziﬁ[“ (1=x87){®aa,— ®aa,)?

+ (fﬂaaz_waaa)2+ (maaa"(ﬂaal) z}
+XBy (1—xg,) (3{(a)sct,“w34r2)z
+ (@har,—0far)?+ (@fer —wfar)?}

+x3ad(2-xrs,) {(wa'a’l_(ﬂa'ufz)z
+ (fﬂa’a'z_(ﬂa‘a's)z + (wa'afg_&lu'a’l)z}}

an

where
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1
Ny = {(z_.. D 2ws + (2—1) (@apr + wars)

+%(wsa,,+ws,., +w,§,.,)} (12)

Now compare 10 with 11. Since B; is a mirror
image of Bs and B; molecules are energetically
equivalent, it follows that

(13)

XB;=de
and from the relation

oo+ ok, +0ler =011 + @20 + @320 + @220
+ @13 + w31 + w3z + @12 + o
= w1+ + Wa2r + W3z + W13 + @217
(033r+(ﬂ12!+(023*+&)31*
=wgﬂ';+@§ﬂ'z+a‘§8’!
it follows that
(14)
Then the only difference between 10 and
11 is the second term in the bracket [ ]
which contain the coefficient xg(1—xg)3*.

By using new notations that Xz=Xg;=Xg,
and Xap=XaB;=Xap;,» and expressing mole
fractions of B; and B; molecules in their
saturated solutions by x;, and x4 respectively,
x; and xq are correlated by the following
equations

#%p;(x1) =kTIn x1— s
+(1—x)2(2%ap—Xs—Xp)
LEI_ _ 4
6 2 kT{ (1—x1)*Caa
+I;(1_x!)sCAB;‘i'xla(z_xl)CBB} (15)
=pSp,(xg) =kTInxs—XAn
+(1—xa)2(%as— Xa—Ip)

Lap;=XaBy

LN 1 o )
T3 g grl TFCn
+xa(1—-x4)3Cans +xa*(2—x4) Cop}

(16)
where

Casr=(Waa,— Waa,)*+ (waa:_waﬂa)2

+ (®Waas— @aay)?
Ces= (@Wara',— Warary)®+ (Warar;—Warary)?

+ (@arars—Warary)?
Can;= (@har,— wha') '+ (@bars—@aan)?

+ (0hars— whar))?
Cap;= (wga.,—wia-,)’—k (@lar,—@hars)?

+ (wga';—wgaw)z

* xp denotes I, or IBg.
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Discussions

The chemical potentials of B; and B; mole-
cules in the solution g% (x) and Ss,(x)
respectively, can be expressed as a function of
their mole fraction x by the same formula
except for the term containing Cis, and Casy.
If the common part is expressed by F(x), the
following formula is obtained.

1IN 1

36 22 kT

#8854 (x) = F(x) +;6%%

This formula is represented schematically in
Fig. 1. It is clear from the above expression
that the higher the temperature the greater
the difference between the two curves is. The
straight line parallel to the x axis representing

£35,(x) = F(x) + Capx(1—x)3 4 ooer

Capgx(1—x)34-en

CAfo{],—X}‘

/B

Fig. 1. Schematic diagram of pp, and pp,
as a function of x.
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¢ =p¥ crosses the curves representing 5, (x)
and #5gs,(x) at points P, and P4. Projections
of P; and P; on % axis represent x; and x4
respectively. As these two curves generally do
not coincide with each other, x; and xq have
different values. This shows that the solu-
bilities of d- and [l-optical isomers in optical
active solvent differ from each other and the
magnitude of the difference is determined by
the difference between Cap; and Cap,. It is
clear from the above argument that in principle
the optical resolution is possible using the
difference of solubility of d- and l-optical
isomers in optical active solvents and by
choosing a proper kind of molecule of A,
which makes the difference of Cip, and Cas,
large, the difference between x; and x4 can
be made large enough to obtain an efficient
optical resolution.

The above argument is confined only to the
mixture in which B; and B molecules form
no racemic compound. For the case where a
racemic compound is formed more elaborate
consideration must be made.

Summary

The statistical mechanical expression relating
the solubilities of d- and [-optical isomers in
optically active solvent is derived.

It is shown that there exists a difference
between these two solubilities.

The possibility of optical resolution is also
discussed.

The auther wishes to express his hearty
thanks to Professor Yonezo Morino of The
University of Tokyo for his helpful discussions.
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